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Lecture 07 — Model Predictive Control w/ Constraints

Otacilio “Minho” Neto (otacilio.bneto@pm.me)

In this lecture, we consider the problem of designing model-predictive controllers when the system to be controlled is
subject to operational constraints. We introduce the classes of input-constrained and state-constrained problems.

1 Linear-quadratic optimal control problems w/ constraints

The constrained linear-quadratic regulator problem is the constrained QP
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Hoxlk] + Hyulk] < h, k=0,...,N-1, (1c)
z[0] = xo. (1d)

The LQ Problem (1) is now defined by the tuning matrices (Q, R, S,Qy), constraint matrices/vector (Hy, Hy, h),
and the system matrices (Aat, Bat). In this lecture, for ease of notation, we use u[n] = K(z[n]) to refer to the
receding-horizon policy based on this problem. While the unconstrained LQ Problem has a closed-form solution (via
dynamic programming), its constrained version can only be solved numerically (e.g., via Newton-type algorithms).
Moreover, Lagrangian duality tells us that the optimal value achieved by a constrained problem is always smaller or
equal than that of the unconstrained case. In conclusion, inequality constraints add a special challenge to the design
of optimal controllers. However, they cannot be ignored when the real system is subjected to those constraints, and
it’s our job to know how to encode different operational requirements in the form of linear inequality constraints.

when the constraints can be expressed by two independent inequalities,
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they are said to be separable. This is quite common in practice, so it is natural and Hy (w4 tres) 2 ha

to study input-constrained and state-constrained problems separately; as we’ll
see shortly, each have their own “particularities”.

1.1 Input-constrained problems

The general constraint H,u[k] =< h, describe a polyhedral constraint set

U={ue R | Hyu—hy; <0, i=1,...,N,}, (3)

Hyulk] < hy

with (Hyi, hyi) being the ith row of the matrix H, € R¥»*Nu and vector h, € RV»,
respectively. Thus, at each kth timestep, the controls u[k] must lie in the polyhedron U,
Control — w1 [A] which consists of an intersection of a finite set of halfspaces (Figure 1). The dimension
Ny, > 0 defines the number of inequality constraints per timestep, meaning that an
input-constrained LQ Problem has (at least) a total of NN} inequality constraints.
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Figure 1. Polyhedral constraints.

The polyhedral constraint includes many familiar special cases. A very common
type of polyhedral constraints are bound constraints, that is, lower and upper
bounds that the controls must satisfy at each timestep. They are expressed as

Umin = ”['l] = Umax

Umin j u[k] j Umax (4)

Control — uz[k]

given the vectors of lower (umin € RN “) and upper (Umax € RY “) bounds. The set
U=A{uce RN« | Umin,i < Ui < Umax,is ¢ =1,..., N, } describes a INV,,-dimensional ) _
box. For this reason, they are sometimes referred to as box constraints (Figure 2). Figure 2. Box constraints.
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Bound constraints are equivalent to a single polyhedral constraint, since
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ulk] = Umin Umin

In practice, these constraints arise from the physical limits of the actuation equipment. However, they can also include
desirable requirements, such as enforcing limits for which the system’s response is predictable or well-understood. Due
to being ubiquitous, there are special methods for dealing with bound constraints, often allowing the LQ Problem (1)
to be solved faster than if a general polyhedral constraint is considered.

A class of input constraints which are common in (bio)chemical process are those repre-
senting the allocation of a finite resource. If the control input u(t) = (u1(t),...,un, (t))
represents the distribution of some finite resource (with limit syax > 0) into N,, slots,
the LQ Problem must include the constraints
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. . . .. . Figure 3. Simplex constraints.
where 1 is a N,-dimensional vector of 1’s. A similar constraint relates to controls & !

representing percentages or mizture coefficients [1, 2]. For instance, let the feed to a reactor be a perfect mixture of

N, components, whose relative concentrations are 0 < u;(t) <1 (i =1,...,N,). The LQ Problem must then include
-1 0
ulk] =0, wi[k] +uslk]+ - +un,[k]=1 <— 1T wk] = | 1|,
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where the equality constraint is represented in inequality form (using the fact that 1Tu[k] <1 <= 1< 1Tufk] <1).
Note that the constraint u[k] < 1 is not needed, as it is implicitly satisfied by the other two. Geometrically, a perfect
mixture represents a N,-dimensional simplex (Figure 3). For this reason, these are sometimes referred to as simplex
constraints. Finally, note that such constraints only make sense for N, > 2. If N, = 2, then it’s much easier to simply
define uz(t) = 1 — uy(¢) and rewrite the dynamics in terms of 0 < w;(¢) < 1; the mixture constraint becomes implicit.

t Street fighting techniques

Previously, we learned that (convex) inequality-constrained problems can be solved via interior-point methods [3].
While these are numerically stable and easy to implement (thanks to modern software), it is still common to find in
industry/academia some “street-fighting” tricks to try and get rid of the inequality constraints. The idea is to design
an unconstrained MPC, but then modify the control policy somehow to ensure that the input constraints are not
violated. We present two of such tricks below, but advise against using them in critical applications.

T A common, but very crude, method to deal with input constraints consists of
l
|

= CoT l enforcing bound constraints by saturating the solution of the unconstrained problem

‘3 (Figure 4). For each ith control input (i = 1,...,N,,), this takes the form
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Figure 4. Input clipping.

where K;(z[n]) is the ith component of the L-MPC policy without input constraints.
This is known as clipping the control inputs, and formally represented as u[n| = c1ip(Umin, K (x[n]), Umax). The most
common clipping is used to enforce positivity constraints (u[n] > 0), written compactly as u[n] = max(0, K(z[n])).

Since this leads to a (nonlinear) closed-form control policy, the clipping-based L-MPC policy is perhaps the fastest
receding-horizon control policy that still enforces input constraints. However, it is clear that this approach leads to
suboptimal solutions. Modern solvers are efficient and they guarantee optimality, thus clipping is really not a good
practice in L-MPC design; unless for open-loop stable systems that need to be operated at megahertz frequencies.

Another interesting street-fighting technique consists of directly incorporating the input constraints into the cost



function using a fized barrier function. The common case consists of solving the approximated LQ Problem
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for a fixed value of 7 > 0. Despite the intimidating expression, the optimization problem above is unconstrained and
can be solved directly using Newton-type algorithms, that is, without the need for interior-point methods. Thus, we
can define a suboptimal L-MPC policy u[n] = K,(z[n]) based on solving the above problem instead of the original,
constrained, one. Due to the log-barrier function, this policy always satisfies the input constraints.

Using Lagrangian duality, we can show that the control policy K. (-) is (NN} /7)-suboptimal with respect to the K(-).
We can get an arbitrarily good controller by choosing a large 7 > 0, while still having the computational benefits of
solving an unconstrained problem. Unfortunately, the nonlinearity incurred by the barrier function becomes very
expressive for large values of 7, leading to poor convergence for the Newton-type algorithms. The barrier parameter 7
thus works as a tuning parameter that controls the trade-off between optimality and performance. Interestingly, there
is practical evidence that computing K (-) is (sometimes) orders-of-magnitude faster than computing K (-), and that
this speed-up allows even such suboptimal policies to outperform optimal policies, as they enable very-large control
frequencies [4]. Consequently, such suboptimal MPC policies K, (-) are actually very popular in practice.

1.2 State-constrained problems

In general, the state constraints H,z[k] < h, describe a polyhedral constraint set
X={zeR | Hyu—hy <0, i=1,...,Np}, (7)

with (H;i, hs;) being the ith row of the matrix H, € RN¥w*Ns and vector h, € RVwe respectively. At each kth
timestep, the state z[k] must lie in the polyhedron X', which consists of an intersection of a finite set of halfspaces. Again,
the dimension Ny, > 0 defines the number of inequality constraints per timestep, meaning that an state-constrained
LQ Problem has (at least) a total of (N+1)N}, inequality constraints (in addition to possible input-constraints).

The previous discussion about input constraints should, in principle, be applicable to state constraints. However,
there is a practical issue with state constraints. During operation, there could be constraint violations caused by
inaccurate predictions and/or external disturbances “kicking” the state to the unfeasible region (Figure 5). This is
specially the case when the constraints are not describing physical limits (as these would be satisfied by the dynamics),
but rather desirable specifications (that is, conditions that we want to enforce for economical/environmental reasons).
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Figure 5. Based on the predictive model, the nominal state response strictly satisfies the state constraints (left). In reality, due to
external disturbances, the true state response deviates from the predicted response and can violate the constraints (right).

Violating the state constraints is critical not only for economical reasons: if the
LQ Problem becomes unfeasible, then the MPC cannot solve it and thus crashes.
The task of ensuring that the MPC remains feasible under closed-loop operation

The discipline of robust model
predictive control [5] concerns
the design of controllers that en-

is known as the recursive feasibility problem. In this course, we deal with this sure recursive feasibility even in
problem using an approach common in real-world practice: softening the state the presence of disturbances and
constraints. The main idea is to modify the LQ Problem (1) such that the MPC model uncertainty.

can itself verify whether the state constraints are achievable or not, and then
relax them in some satisfactory manner, if necessary. The focus is on a softnening approach based on slack variables.



Soft constraints using slack variables
The state constraints can be relaxed as

Relaxation w/
Hyxlk] < he, (VK) “M=0

H,x[k] = hy +clk], (VEK). (8)
The components of ¢ = (£[0],...,e[N—1]) are user-defined parameters known as slack variables. When & = 0, these
constraints are equivalent, that is, they must be enforced—they are hard state constraints. When € > 0, then some
constraint violation is permitted—they become soft state constraints. We would like the slack variables to be zero when
the state constraints are achievable, and small as possible otherwise. The task now is to redesign the LQ Problem (1)
such that the our controller becomes responsible for determining the best value of these slack variables in real-time.

The natural procedure would be to include £ = (£[0],...,e[N—1]) into the LQ Problem (1) as a new decision vector,

then augment the cost and inequality functions appropriately. For bound constraints, the problem can be written as
N-1 T
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Umin = u[k] = Umax, k=0,...,] N—1, (9d)
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Let’s detail what happened: (i) The stagewise cost L(-) was augmented with the term ¢[k]" R.€[k], given the weighting
matrix R, which is set to be diagonal with very large coefficients (e.g., R. = 10°I); (ii) For each kth state constraint,
the lower bound is relaxed by —e[k] and the upper bound is relaxed by ¢[k]; (iii) The input bound constraints remain
unchanged (they don’t need to be relaxed, as their feasibility is not affected by disturbances); (iv) The slack variables
€ are restricted to be nonnegative, as per their definition. Under this formulation, the state constraints can be relaxed
as needed to ensure feasibility. Due to the penalty term ¢[k]T R.e[k] with very-large R., the MPC will determine
e[k] = 0 (k) whenever possible-the constraints remain as desired. When a constraint violation is inevitable, the MPC
does not crash but instead determine (as small as possible) slacks e[k] = 0 (Vk) to relax the state bounds. Note that
we can use the same slack variable [k] for both the lower and upper bounds, as they cannot be both active anyways.

The slack variable is very popular in practice because, for many relevant

problems, it works very well. Moreover, due to the large penalties on the The LQ Problem (9) can be rewritten
slack variables, this soft-constrained MPC permits constraint violations but in the original form by augmenting

. . . . the controls as u[k] = col(ulk], [k]),
tries to correct them immediately. Of course, this approach does not come ; ;

X . . . . then changing the cost and inequal-
without disadvantages. Firstly, we cannot used it when state constraints ity matrices accordingly (you should
cannot be violated at any circumstance; for instance, when they can cause not even be surprised at this point).
catastrophic consequences, like a reactor blowing up. In such cases, we would However, in most software, the for-

mulation presented above is easier to

need more advanced robust MPC designs. Secondly, the slack variables add implement and solve.

complexity to the LQ Problem (1), affecting the controller’s performance.
Specifically, the above method introduces at least N N, decision variables
and inequality constraints (or NN, /2, in the case of bound constraints), and augmenting the stagewise cost L(-)
with very-large penalties can lead to ill-conditioned problems prone to numerical issues.
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