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Abstract—This work proposes a policy learning algorithm for
seeking generalised feedback Nash equilibria in Np-players non-
cooperative dynamic games. We consider linear-quadratic games
with stochastic dynamics and design a best-response dynamics
in which players update and communicate a parametrisation of
their state-feedback policies. Our approach leverages the System
Level Synthesis framework to formulate each player’s update
rule as the solution to a tractable robust optimisation problem.
Under certain conditions, rates of convergence to a feedback Nash
equilibrium can be established. The algorithm is showcased in
exemplary problems ranging from the decentralised control of
unstable systems to competition in oligopolistic markets.

Index Terms—Non-cooperative games, Feedback Nash equilib-
rium, Best-response dynamics, System level synthesis

I. INTRODUCTION

ODERN cyber-physical systems are often comprised

of interacting subsystems operated locally by selfish
decision-making agents. Ideally, agents operate these systems
according to feedback policies that optimise local objectives,
while satisfying global requirements and being robust to their
rivals’ interference. However, the large-scale and decentralised
nature of most applications, alongside the usual lack of coordi-
nation between agents, hinders most traditional approaches to
policy design. Dynamic game theory provides an alternative
framework based on the concept of competitive equilibria
(e.g., the Nash equilibrium [1, 2]), which describe locally
optimal, yet strategically stable, operating conditions for each
non-cooperative agent. A methodology for policy design based
on Nash equilibrium seeking thus presents a promising venue
for enabling a decentralised control of cyber-physical systems.

In general, solving a non-cooperative game can concern
distinct goals: i) For the unbiased observer, to examine the
behaviour of rational agents from a local to a global scale; ii)
for the game designer, to actuate the self-interested players
towards system-wide objectives; and iii) for the player, to
determine locally optimal and robust policies in competitive
environments. Regardless, computing a Nash equilibrium (NE)
solution is a notoriously difficult task [3]. Algorithmic game
theory thus emerges as the field concerned with designing
procedures to bridge this computational gap [4]. An important
class of algorithms are those which place to the players the
task of converging towards a non-cooperative equilibrium:
These include best-response dynamics (BRD, [5]-[10]) and
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no-regret learning (NRL, [11]-[15]). Recently, online feedback
optimisation has also been employed for equilibrium seeking
problems [16]. In general, these are fixed-point iteration meth-
ods centred on players updating their strategies, simultaneously
and independently, using only the information available to them.
In particular, best-response dynamics stands out as a simple,
yet fundamental, model of policy learning for uncoordinated
but communicating players. These algorithms have become
important tools in economics and engineering, with applications
including the design and control of networked systems [17]-
[19], robotics [20, 21], and resource management [22]-[24].

For dynamic games, any solution concept depends qualitatively
on a description of the data available to each player; a notion
termed information pattern [1]. Under open-loop information
patterns, when players only access the initial state of the game,
the analysis and solution of NE problems are well-understood.
Conversely, games under closed-loop (or feedback) information
patterns, when players monitor the state of the game, are still
under active research. A feedback Nash equilibrium (FNE)
solution is often more attractive than its open-loop counterpart:
It renders the players robust to disturbances and decision errors.
However, designing routines for computing FNE is demanding
for all but simple cases. A notably challenging class of games
consists of generalised feedback Nash equilibrium (GFNE, [2])
problems: When players’ policies are required to satisfy coupled
constraints (e.g., restrictions on the state of the game). To the
best of our knowledge, methods for FNE seeking exist only
for linear-quadratic games under restrictive assumptions [25]—
[28], unconstrained nonlinear and control-affine games [29]-
[32], and application-specific problems [33, 34]. Recently, [35]
expanded these results and presented a systematic (approximate)
solution for GFNE problems. Despite remarkable, these efforts
are restricted to finite-duration games and thus exclude decision-
making processes in which agents are continuously operating
the underlying system. Finally, a systematic solution is also
lacking for GFNE games described by stochastic dynamics.

In this work, we investigate algorithms for GFNE seeking in
(stationary) difference games with linear-stochastic dynamics.
Leveraging the System Level Synthesis (SLS, [36]) framework,
we propose a best-response approach based on a parametrisation
of all stabilising policies for the game. The algorithm consists of
players iteratively, and simultaneously, updating the parameters
of their individual policies, then announcing these changes
through some communication network (Figure 1). Under our
approach, each player’s update rule is formulated as the solution
to a tractable robust optimisation problem. Moreover, these
problems allow for constraints to be imposed directly on the
policies’ structure, thus having the ability to encode information



Communication

Network
o w1 Cyber-Physical System
BRy, [ K' J:— *~—,
Li J | T \ / \ /
°. o \ \
LBRNPJ [KNP J:I— /

Decision-making agents

Tiyp1 = Az, + ZpEP BP =+ wy

Figure 1. SLS-BRD: Control architecture and the learning dynamics.

patterns at the synthesis level. Finally, this proposed learning
dynamics do not depend on the state and actions applied to
the system, and thus can be performed simultaneously with
the game’s execution. In summary, our contributions are:

(i) A system-level best-response dynamics (SLS-BRD) al-
gorithm for GFNE seeking in linear-stochastic dynamic
games. Specifically, we design a class of best-response
maps which compute an optimal system level parametrisa-
tion of a player’s policy in response to its rivals’ choices.

(ii) A realisation of the best-response mappings as robust

finite-dimensional programs amenable to numerical so-

lutions. Considering these best-responses, the SLS-BRD
algorithm is formally an e-GFNE seeking algorithm for an
equilibrium gap € > 0 which can be explicitly established.

(iii) For a specific but important class of dynamic games, an

analysis of the conditions and rates of convergence of

the SLS-BRD to feedback Nash equilibria.

This policy learning algorithm is showcased in simulated
experiments on the decentralised control of an unstable network
and price management in a competitive oligopolistic market.

The paper is organised as follows: Section II overviews the
classes of (generalised) static and dynamic games, and the
best-response dynamics algorithm. In Section III, we provide a
system level parametrisation for linear-stochastic games, then
design a best-response dynamics for GFNE seeking. Finally,
Section IV illustrates this learning dynamics in simulated
examples, and Section V provides some concluding remarks.
Towards a concise presentation, only some essential theorems
are proved in the main text: The remaining are in the Appendix.

A. Notation

We use Latin letters to denote vectors (lowercase) and mappings
(uppercase), and use boldface to distinguish signals, operators,
and their respective spaces. Sets are in calligraphic font; excep-
tions are the usual R and N, and the sets of N x N symmetric
(S™), positive semidefinite (S), and positive definite matrices
(Sf +). In particular, sequences are denoted x = (2¢)tez for
a countable set Z C N, or ¢ = (v;)L, if Z = {0,...,T}.
For p € (0,00), we use the space of N,-dimensional vector-
N, _ ) _ 1
sequences (3+(T) = { : ], = (Z,ez l:[")/? < oo},

with /)= and ¢Xr, the space of all bounded sequences and all
sequences, respectively. £(X,Y) is the set of all bounded
linear operators A : X — Y and we sometimes denote
transformed signals by Az = (Ax;)icz. Whenever (X, ) are
finite-dimensional, we let M4 refer to a matrix representation
of A. We use the standard definition of Hardy spaces H ., and
RH, and write %RHOO to refer to the set of real-rational
strictly proper transfer functions. Finally, some standard signals
and operators used in this paper are: The impulse signal
d = (t)tez, the identity operator I and the identity matrix
In,, and the shift operator Sy : (zg,x1,...) — (0,0, ...).

We distinguish set-valued mappings from ordinary functions
using the notation F' : X =2 Y. For any tuple s = (sP),ep € S
we frequently write s = (s, s™P) to highlight the element sP;
this should not be interpreted as a re-ordering. Similarly, if
S = [1,ep S?, we define the product S = [;cp 1,y S”-

II. NON-COOPERATIVE GAMES AND BEST-RESPONSE
DYNAMICS

A (static) Np-player game, denoted by a tuple

g = (7)7 {Sp}pépa {Lp}pEP)a (1)

defines the problem in which players p € P ={1,...,Np}
each decides on a strategy s” € SP(s7P) C SP to minimise
an objective function LP : S* x SNP 5 R. The strategy
spaces SP (Vp € P) determlne the actions available to the
players, with the mappings SP : S7P =% SP restricting this
choice based on the actions from their opponents. As such, both
the players’ objectives and feasible strategies depend explicitly
on their rivals’ strategies. Finally, the players are assumed to
be rational, non-cooperative, and acting simultaneously.

A solution to the game G is understood as a strategy profile
s=(s1,...,s"") €S, § =S x .-+ x SN, having some
specified property that makes it agreeable to all players if they
act rationally. In non-cooperative settings, a widely accepted
solution concept is that of a generalized Nash equilibrium: The
game is solved when no player can improve its objective by
unilaterally deviating from the agreed strategy profile. Formally,

Definition 1. A strategy profile s* = (s'*,...,sVF) € Sis a
generalized Nash equilibrium (GNE) for the game G if

LP(s? s7P" )< min  LP(s?,s7P").

sPESP(s—P*) @
holds for every player p € P.
In general, the set of GNEs that solve a game G,
g ={s" €8 :s" satisfies Eq. (2)},

is not a singleton. As such, players might favour different
solutions based on their individual objectives. We thus seek to
characterise which solutions are “acceptable”, in the sense that
no other equilibrium can improve the objective of all players
simultaneously. Consider the partial ordering of (g defined by

— LP(sP) < LP(3P), VYpeP, (3

with at least one inequality being strict, for any pair s*, §* € ()g.
A solution s* € ()g is then characterised as an admissible GNE

sF < 5"
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if there are no other equilibrium §* € Qg such that §* < s*.
Note that an admissible GNE can still be favourable to only
a subset of players (that is, s £ s* £ §%), and thus it is
possible that G has no solution that is “fair” to all players.
The game might also not admit any GNE (i.e., Qg = ()), then
being characterised as unsolvable. Hereafter, we ensure that
the problems being discussed are well-posed by considering
the following conditions on their primitives:

Assumption 1. For each player p € P,

a) the objective LP : S' x ---SNP — R is jointly continuous
in all of its arguments and convex in the p-th argument,
sP € SP(s7P), for every s P € S7P.

b) the mapping S? : SP = S™P takes the form
SP(s7P)={sP € §P: (sP,s7P) € Sg},

where Sg is some global constraint set shared by all players.
Moreover, SP and Sg are both compact convex sets and
they satisfy Sg N (ST x -+ x SNP) £ ().

Under Assumption 1, a generalisation of the Kakutani fixed-
point theorem ensures that G has a GNE, that is, Qg # 0 [37].
In practice, these conditions consider each objective to have
a unique optimal value, while imposing the feasible set of
strategies to be nonempty and coupled only through a common
constraint. Although restrictive, these assumptions still cover a
broad class of problems of practical relevance.

We investigate algorithms for solving G. A direct computation
of a GNE is equivalent to solving Np optimisation problems
simultaneously, as implied by Definition 1. Such an approach
would require players to be coordinated and their objectives
to be public. Conversely, we consider adaptive procedures in
which the players learn their GNE strategies independently. In
this direction, consider that G admits episodic repetitions, and
let s == (s}, ..., S;CV ) be the strategy profile taken by players
P at the k-th episode. A prototypical learning procedure for
equilibrium seeking is outlined in Algorithm 1, where

o TP : 8P x §7P % SP describes how the p-th player
updates its strategy, based on its opponents’ predicted
next actions and given its individual objective;

e RP:S = §7P describes how the p-th player’s predicts
its opponents’ strategies for the next episode, based on
the strategy profile currently being played.

Algorithm 1: Prototypical learning dynamics

Input: Game g = (P7 isp}pep7*{Lp}p€77)
Output: GNE s* = (s1,..., sV7r)

sévp) and k = 0;

1 Initialize so = (s}, ...,

2 for k=1,2,... do

3 if s, € T'(si) then return sy;

4 for p € P do

5 L Update sj_ | € T?(s}, RP(sk) | LP);

The procedure in Algorithm 1 belongs to the class of fixed-point
methods: Its termination implies that s* is a fixed-point of both

TP and RP, that is, s* € TP(s?", RP(s*)) C TP(s? , 577 ). In
its general form, the conditions (and convergence rates) for
these learning dynamics to approach an equilibrium are difficult
to establish. In this work, we build upon a fundamental instance
from this class of algorithms: The best-response dynamics
(BRD). This routine is overviewed in the following.

Best-response dynamics: Let the mapping BRP : §7P = SP,
BRP(s7P) = argmin LP(s?,s7P) 4)

sPeSP(s—P)
denote the best-response of p € P to other players’ strategies.
Collectively, BR(s) :== BR(s71) x---x BRNr(s=NP) C S
is the joint best-response to any given profile s € S. Then,

Theorem 1. A strategy profile s* = (81*, ceey SN;) eSisa
GNE for G if and only if s* € BR(s*) or, equivalently,

s?" € BRP(s7P"), VpeP. (5)
The task of computing a Nash equilibrium can thus be translated
into searching for a fixed-point of the set-valued mapping
BR:S = S. The set of GNE solutions for G is the set of all
such fixed-points, {dg = {s* € S : s* € BR(s*)}. A natural
procedure for GNE seeking thus consists of players adapting
their strategies towards best-responses to their rivals’ strategies,
which they assume will remain constant. Formally,

T?(sj, B () = (1=n)sy + nBRP(RP(s)),  (6)

given RP(sy) = s, and a learning rate factor of 1 € (0, 1).
This learning dynamics, summarised in Algorithm 2, is known
as best-response dynamics or fictitious play.

Algorithm 2: Best-Response Dynamics (BRD)

Input: Game G := (P, {S"}pep, {L }pep)
Output: GNE s* = (s,...,sVP)

1 Initialize so = (s, ...,s0") and k = 0;
2 for k=0,1,2,... do
if s € BR(sy) then return sy;
for p € P do
L Update s}, € (1—n)s} +nBRF(s.”) ;

L7 T SA)

After each episode, the strategy profile gets updated as
sk+1 = T(sk) = (1 —n)sk +nBR(sk), ©)

given the global update rule 7' = (1 — n)I 4+ nBR. Notably,
the mappings 7' and BR share the same set of fixed-points:
The GNEs (2g. We can then establish the following result.

Theorem 2. Let BR : S =% § be a non-expansive mapping.
Then, the best-response dynamics sky1 = T(si) converge
monotonically to a GNE solution s* € g, that is,

®)

li inf ||T -5%=0
e e =7l

given any appropriate norm || - || for S.

This convergence result stems from fixed-point theory, where
the BRD algorithm is interpreted as belonging to the class of



averaged (or Mann-Krasnosel‘skii) iteration methods [38, 39].

For non-generalised quadratic problems, we show in Section
III-B that the best-response mapping BR is non-expansive
under specific conditions on L', ..., L . Importantly, if the
best-response mapping is a contraction, then the BRD converge
geometrically to a GNE solution s* € g, which is unique.

Theorem 3. Let BR : S = S be Lpg-Lipschitz, Lgr < 1.
Then, from any feasible sy € S, the best-response dynamics
Sk+1 = T'(s) converge to the unique GNE s* € Qg with rate

sk — 5|l k
T < ((1=n) +nLpr) ©)
[so — s*||

given any appropriate norm || - || for S.

Importantly, these results might not hold in practice whenever
the best-response maps, { BRP},cp, are only approximated
(e.g., by solving Eq. (4) numerically). However, such inexact
averaged operators are still known to converge under specific
assumptions on the accuracy of this approximation [40]. The
learning rate 7 also plays a central role in the numerical stability
of the BRD algorithm: A careful choice is required to ensure
that strategy updates do not escape the feasible set, that is, to
ensure that T'(sg) € SgNS for all s, € SgNS. Otherwise, the
learning dynamics become undefined and the aforementioned
convergence results do not apply. For non-generalised games,
T trivially satisfy the constraints for any 1 € (0, 1) and thus a
careful design of the learning rate might not be necessary. In
such cases, n — 1 is the optimal choice if BR is a contraction
and the convergence rate in Eq. (9) simplifies to L% R

Finally, we note that the stopping criteria in Algorithm 2
can be modified to allow for earlier termination. In this case,
interrupting the best-response dynamics at some episode k¢ > 0
will produce a strategy profile s, € S for which

min  LP(sP, s,:fp) +e

SPESP(slzfp)

LP (s}, 5,7) < (10)

holds for every player p € P with an “equilibrium gap” € > 0.

This profile characterises an e-GNE: No player can improve its
cost more than ¢ by unilaterally changing his strategy. The set of
all e-GNEs is denoted Qf = {s° € S : s° satisfies Eq. (10)}.

A. Infinite-horizon dynamic games

An infinite-horizon dynamic Np-player game, denoted by tuple
goo = (P7X7{up}pep7w7{Jp}pEP), (11)
is defined by the stochastic linear dynamics

Ty = Az + Z BPul +wy, xq given, (12)

peEP
describing how the state of the game, € = (z;)ieny € X,
evolves in response to the players’ actions u? = (u})s;eny € UP
(Vp € P) and the additive random noise w = (wy)ieny € W.
For each realisation w € VYV and initial ¢, the state is explicitly
expressed as * = F,,u via the causal affine operator

Fu:urs (I—SpA)"! ( 3 Sy BPuP + Spw + 5300),
peEP
(13)

with A : @ — (Azy)ien and BP : uP — (BPul);cn. Because
known, the dependency on z( is omitted to simplify notation.
Moreover, we assume Ew; = 0 and E(ww],) = 6T,
given a covariance matrix X, € Sﬁi, for every t,t' € N.
Finally, the sets X, U? (Vp € P), and W define all permissible
state, action, and noise sequences; they take the form

X={xecll*(N):az; € X, t € N};

UP = {u? € (0 (N) s u? e UP, t € N};

W= {w e tF(N):w, € W, t €N},
given sets X C RV=, ¢f» C RN (Vp € P), and W C RV=.

In dynamic stochastic games, each player decides on a plan of
action u” € UP(u~P) to minimize its objective functional

JP(uP,uP)=E

pr(xt,u?,ut”)] . a4
t=0

defined by cost function LP : X x U x --- x UNP — R. The
mappings U? : U~ P = UP restrict the permissible strategies
for each player based on their rivals’ strategies. Under this
formulation, the dynamic game G, is stationary and can
be interpreted as a static game defined on the appropriate
functional spaces. A plan of action u = (u!,...,u’¥P) e U
can then be characterised as a generalised Nash Equilibrium
solution to G, when no player can improve its objective by
unilaterally deviating from this agreed profile. Formally,

Definition 2. A strategy profile u* = (u',..., uNF) € U is
a generalized Nash equilibrium (GNE) for the game G, if

JP(uP ,uP) < min JP(uP,u™P)  (15)

wPeUP(u—r")
holds for every player p € P.
As before, the set of GNEs that solve G,
Qg = {u" eU : u" satisfies Eq. (15)},

is not necessarily a singleton and can include non-admissible
equilibria. The game is considered unsolvable if Qg _ = 0.
The following assumptions are taken for this class of games:

Assumption 2. For each player p € P and noise w € W,

a) the cost functional JP : U' x ---UN? — R is jointly
continuous in all of its arguments and convex in the p-th
argument, u? € UP(u~P), for every sequence u=? € U™ P,

b) the mapping UP : U™P = UP takes the form
UP(u™P) = {uP cU”: (uP,uP) € F (X)NUg},

where F is a left-inverse of the operator in Eq. (13) and
Ug = {u e [[ep 5 (N) : (uf,u; ") € Ug, t €N}

is a global constraint set shared by all players. The sets UP,

Ug, and X are all non-empty, compact, and convex. Finally,

we have that Fi (X)) NUg N U" x - x UNP) £ 0.

These conditions are analogous to those of Assumption 1: They
ensure the existence of GNE solutions to G, that is, Qg__ # 0.
In this case, the players not only share a global constraint U,
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but are also required to ensure that state trajectories lie in
a feasible set, x € X, against all possible noise realisations.
These constraints often describe operational desiderata and/or
limitations concerning the game G.,. Moreover, note that
Assumption 2 implies that the operator Fy, is injective, that
is, that distinct control signals cannot produce the same state
trajectory. A sufficient condition for this property consists on
the matrix B = [B! B% ... BNP] being full-rank.

Any equilibrium u* € €)g__ incorporates an open-loop informa-
tion pattern: Actions u} = (uj ,.. N P) depend explicitly
only on initial g € X’ and stage t € N . A plan of action with
such representation is undesirable, as players become sensible
to noise disturbances and decision errors. Conversely, a state-
feedback decision policy, u* = K (x) for some K : X — U,
often carry desirable robustness properties. In this sense, a
feedback (respectively, open-loop) representation of u* € g__
is said to be strongly (weakly) time consistent [1]. In this work,
we investigate state-feedback solutions to the game G.

We consider a closed-loop information pattern and assume that
each p-th player’s actions are represented as

uP = KPx, KP?:x+— PP xzx, (16)

given a causal operator KP? € C? C L(X,UP) defined by its
convolution kernel @7 = (P2),,en € ¢1(N). The sets {C*},cp
describe the operators that satisfy some G..-related restric-
tions (e.g., information patterns incurred by communication,
actuation, and sensing delays). In this setting, players do not
devise their actions explicitly but rather by designing a state-
feedback policy profile K = (K!,...,K"?) € C, with
C =C' x---xCNP. The solution concept that naturally arises
is that of a generalized feedback Nash equilibrium.

Definition 3. A policy profile K* = (K' ..., K"r) is a
generalized feedback Nash equilibrium (GFNE) for G if

JP(uP ) < min ~ JP(uP,u"?),

uPeUP(u—P")
where u* € Ker(I — K'F,,), holds for every p € P.
The set of GFNE that solve G is defined as

a7

ng ={K"* e C:u" = K" 2" satisfies Eq. (17)}.

We consider K* QK to be admissible only if it renders
the game stable, that is, Jif the closed- -loop evolution

=(I-S54(A-Y,.p BPK?)) "

is bounded (z* € (=) for all bounded noise (w € ¢N=).
A policy satisfying this requirement is said to be stabilising.
From Assumption 2, we have QF # () when C = L(X,U).
For a more specific C C £(X,U), establishing the existence
(and, especially, uniqueness) of a solution is demanding [41].
In practice, the set QK can be constructed from open-loop
equilibria u* € Qg __ by i) parametrising the set of all possible
trajectories {x), = Fy,u*}wew, then i) identifying policies
(K" ,..., KNr) that satisfy {u?” = K? %, }ywew, p € P.
Highlighting this equivalence, we refer to such u* as the open-
loop realisation of the closed-loop policy K*, and vice-versa.

(S+w + (S.’E())

Best-response dynamics for GFNE seeking: The mapping

BRP(u™P):= argmin JP(uP,u"?) (18)

uPeUP(u~P)
is the best-response of p € P to other players’ plan of action.
Under its feedback representation, u? = KPx € BRP(u™P)
is a solution to the infinite-horizon control problem

minimize 1 ;L”(xt,uf,u; ”) (192)
sulz}::ecl\tT o w1 = Az + Y 50p BPuP + wy, (19b)
r€X, ul eU?, (vl u;?)elg, (19c)
K? e cP, (19d)
(zo given). (19¢)

While posed in terms of action signals (uP, p € P), Problem
(19) should be interpreted as the direct search for a best-
response policy KP against the (fixed) plan of action from
other players, u™? := (u?);cp\ (3. We slightly abuse notation
and let BRP(K~P) be its solutions, when the problem is
parametrised by u? = K Px = (K”x)scp\(p;. The
mapping BR : C = C, defined by BR(K) = BR'(K!) x

- x BRN?(K~NP), is the joint best-response to a strategy
profile K. The GFNEs of G, are thus the fixed-points of
this mapping: That is, Qf = {K* € C: K* € BR(K*)}.
Due to constraints (X,UP,Ug) and CP, an analytical solution
to Problem (19) does not exist. Moreover, because infinite-
dimensional, its numerical approximation cannot be obtained.

The BRD method for GFNE seeking is given in Algorithm
3. As G is dynamic and stationary, the procedure needs not
episodic repetitions of the game. Instead, the learning dynamics
occurs simultaneously with the game’s execution: Players learn
and announce their new policies at stages ¢ € {(k+1)AT }ren.
K, = (K},....K ,va 7) denotes the strategy profile after k €
N updates. The period AT > 1 defines the rate at which
policies are updated, reflecting some communication structure
(e.g., the time needed for each p € P to collect { K7 } 5cp\ (p})-

Algorithm 3: BRD for GFNE seeking (BRD-GFNE)

Input: Game G, = (P, X {up}pG'PaW {JP}pep)
Output: GFNE K* = (K1 KNP

1 Initialize Ky = (K}, ..., KéVP) and k = 0;

2 fort=0,1,2,... do

/+ Players apply actions {ui’t ZKsz’t}pep */
3 if K € BR(K},) then return Kj;

4 | if t = (k+1)AT then
5

6

for p € P do
L Update K',H_1 € (1-n)K}.+nBRP(K, ") ;
7 k=k+1,

If we verbally execute Algorithm 3, we have the following:
o The players p € P act on G, according to the policies

ul = Kjxp, keN,



where u} = (uf )ieT, and @, = (2¢)icT, are the signals
restricted to the interval T = [EAT, (k+1)AT).

o Att = (k+1)AT, every p-th player updates its policy,
K}, € (1-n)K} +nBRY(K,"),
which is then announced to the other players.

The BRD-GFNE induces an operator T' = (1 — n)I + nBR
which is equivalent to the update rule of its static counterpart.
Thus, it possesses the same properties: The learning dynamics
converge if BR is non-expansive and the convergence rate is
geometric if BR is also a contraction (Theorems 2-3). These
properties can also be stated in terms of stage indices ¢t € N
by substituting k = |t/AT]. As in the static case, a careful
choice of the learning rate ) € (0, 1) is required to ensure that
this fixed-point iteration is well-defined. Moreover, the BRD-
GFNE can be interrupted at any episode kf > 1 (producing
an ¢-GFNE, € > 0) and, if necessary, a central coordinator
assigned to project the resulting strategy profile K, onto the
feasible set Ff (X)NUgN(U" x - -- xUN?). Finally, we note
that such considerations can be disregarded when the game is
not generalised, that is, when X = R+ and Ug = [Lep RVE,
ITI. BEST-RESPONSE DYNAMICS VIA SYSTEM LEVEL
SYNTHESIS

In this section, we present an approach for GFNE seeking in
(stationary) stochastic dynamic games. Firstly, we introduce the
system level parametrisation of the players’ feedback policies
(KP, p € P) and reformulate their best-response mappings
(BRP, p € P) through finite-dimensional robust optimisation
problems. Then, a modified BRD-GFNE procedure is proposed
and its convergence properties are investigated.

We focus on Np-players linear-quadratic stochastic games
Gl = (P, X, {UP}pep, W, {JP},ep) with dynamics

Ty = Azy + g BPu¥ +wy, mo given,
pEP

(20)

and objective functionals
o0
JP(uP,u"P)=E
t=0

(el + 1l Sper Dpﬁuﬂ%)] ,

20
defined by matrices C? € RN=*N= and DPP € RN=*Nu with
dimension N, > N, + N,. The following assumptions ensure
that GFNE of GLQ are admissible (that is, stabilising):

Assumption 3. For each player p € P,
a) The pair (A, BP) is stabilisable;
b) The pair (CP, A) is detectable;

¢) The matrix DPP is full column rank, i.e., Drr’ prp IS Sf;_
Moreover, DPP' CP = ( = CP' DPP forall p e P.

Finally, the constraint sets X and UP (Vp) are convex polyhedra
and contain their respective origins: 0 € X and 0 € UP.

The class G52 describe problems in which Np non-cooperative
agents have to agree on stationary policies that jointly stabilise

a global system, robustly to the noise process, while penalising
state- and input-deviations differently. While representative of
many practically relevant problems, this choice is not restrictive.
Our derivations should follow similarly for any collection of
cost functions {LP},cp satisfying Assumption 2.

A. System-level best-response mappings

System level synthesis (SLS, [36]) is a novel methodology for
controller design which lifts the search for optimal controllers
into the search of optimal closed-loop responses to disturbances.
Under this approach, the synthesis of stationary control policies
can be equivalently posed as the solution to scalable numerical
problems, even when operational constraints on the state and
control signals need to be enforced. Additionally, the method
allows for constraints to be enforced directly on the structure of
the control policies. In this section, we present a system-level
parametrisation for the best-response mappings in GLQ.

We start by assuming a stabilising profile (K!,... KV7),
guaranteed by Assumption 3. Each policy is associated with
a transfer matrix K? € RH oo, KP = ZZOZO Z%‘I)ﬁ, which
defines the state-feedback @ = KP& in the frequency domain.

Considering the linear dynamics Eq. (20),

& = A% + Zpep BPaP + w; (22a)
a? = KP&, (Vpe P), (22b)
the signals (&, @', ..., @"?) can be expressed in terms of ,
& (zI - A=Y, .p BPK?)™!
al K'(:I-A-Y .pBPKP)™!
L= . w;
atr] | KNP(2l - A=Y, BPK?)7
- éw
P!
=| |, (23)
N
where the introduced transfer matrices (ti>m, ‘i’h, e @LV P) are

denoted as system level responses or closed-loop maps. Under
this representation, the following result holds.

Theorem 4 (System level parametrisation, [36]): Consider the
dynamics Eq. (22) under state-feedback 4P = KP& (Vp € P).
The following statements are true:

a) The affine space

&,
@1
[2I-A —B' ... -BNe] | % | =1, (24)
BN
with @w, 'i’i“ R @ﬁp S éRHoo) parametrizes all system
responses from W fto (&, ﬁl,; . ﬁNP) achievable by
internally stabilising policies (K*,..., KNP).
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b) Any response (‘iwﬁi) Ney satisfying Eq. (24) is

achieved by the pollczes K p @ﬁ ~1 (Vp € P), which
are internally stabilising and can be implemented as
2€ = <i>wé + & (252)
@ = o4, (25b)

with &5 = 2(I — &) and B, = 2®2,

Proof. To simplify the notation, we momentarily define the ma-

- -~ ~ ~ T
trices B := [B' B2 ... BN?|, &, = [®L &2 ...8L"]",
and K = K U RY K NL]T. For the first statement,
consider internally stabilising policies (K*!,..., K™*) such

that @ = KP& (Vp € P). Then, from Eq. (23), we have that
(2 - A— BK)™!

A Bl g~ 4 pR)
= (21 — A)(2I —A— BK)"'-BK (21 - A— BK)™!
= (2] —A— BK)(2I — A— BK)™!
=3¢

For the second statement, we first show that K achieves the
desired response, and then that these policies are internally
stabilising. Note that Eq. (24) implies that &, has the leading
spectral component <I>1 1 =1 IN,» which is invertible, and thus
&' exists. Then, K = &, &, is well-defined, and we have

- A A A

due to Eq. (24), and @ = K& = &,8,'®,0 = &,w.
Thus, K achieves the response (@m,li)u), or, equivalently,
(K',K?,...,KN?) achieve (&, ®.,...,®N"). To show
that this pohcy is internally stablhslng, con51der its equivalent
representatlonK &, (2] -B,) 1B, with &, = 2([-&,,),
‘I>u = Z‘I>u, and 'I>y = I, as depicted in Figure 2.

Figure 2. Feedback structure for the policy K = &4, (2] — &) 1®, =
LD 1 equivalent to the internal representation in Eq. (25).

Introducing external perturbations {d,d,,0¢} C {o into the
game, it suffices to verify that the transfer matrices from
(0z,0u,0¢) to (&, 1,&) are stable. In this case, we have

& b, d.B I (zI-A)] [ba
Ul = | &, T+®,B B,(xI—A)| [bu (26)
3 ir 1B 1(zI-A) ] | &

Since <i>m, b, c %R?—[OO, the transfer matrices in Eq. (26) are

all stable. We thus conclude that the policy K is internally
stabilising, and so are the policies (K*', K2,..., KN?), O

We refer to the system level responses through their kernels,
b, = (@w,n)neN S EQ(N) and @p = ((I);D )nEN S 62( ) for
all p € P. Due to strict causality, ¢, = 0 and D* 0=0.
From Theorem 4, the operators { K” € C*},cp and the transfer
matrices {K P € RMootpep are equivalent representations of
the feedback policies. Hence, provided there is no confusion, we
use exclusively the first notation. In particular, K? = &2 &_!
(p € P) denotes the policy parametrised by (®,,®?) and
K = (®.,---,®N?)®_! denotes the corresponding profile.
A time-domain characterisation of K is given in the following.

Corollary 4.1. A policy K? = ®2.&_1 (Vp € P) is defined
by the kernel ®P = ®P x &1, and implemented as

675 = - Z-,—:l (bI,TJrléth + x4
t

'U,i) = ZT:O (PZ,T«}lgt*‘fV

(gn)neN with 50 = Zo.

The system level parametrisation enables a methodology for
policy synthesis consisting of searching the space of stabilising
policies (in)directly through (@, ®2), p € P. In particular,
this parametrisation can be leveraged to reformulate the best-
response dynamics maps in GLQ as tractable numerical pro-
grams. In this direction, consider that players design stabilising
policies K = (K',..., K"?) by choosing their desired
system level responses ®,, = (@1, ..., ®N7) simultaneously.
From the affine space Eq. (24), the signal ®,, common to all
players, satisfies the (deterministic) linear dynamics

A(b$n+ZBI) u,n? (I)Ll :IN;L-;
peP

(27a)
(27b)

using an auxiliary internal state £ =

q)a;,n-l-l (28)

or &, = F®P, given the causal affine operator
Fo: @y (I1-S4A) (D Sy B'®L + 61y, ), (29)
peEP
Using Parseval’s Theorem [42], we substitute Eq. (23) into Eq.

(21) to redefine the objective functionals of GLQ as

SO (@7, @L7)

_ E[i (1@ il + 1| Zpep DPPRE, wall3) |

n=1
9]

1 o 1
=3 (ISR + | e DO, ZR113)-

The game GLQ thus induces a system-level dynamic game,

g;}; = (Pa Cz> {Cﬁ}peP, W? {Jp}pE'P)7 (30)



defining the problem in which players p € P each plans a
closed-loop response ®? € UL (P, p) C C? to minimise its
individual cost functional J? : C1 CN P — R. Here,
the set-valued mappings U} : C,, p = CZ are defined as

UR(®,7) = {®, € CL: (DL, ®,7) € FL(Cy),
PP xw e UP(®,P xw)},

which incorporate the constraints U? from the original GLQ.
The sets (C,, C?) are designed to enforce the policy constraints
P ¢ CP directly through the kernels (@, ®2): They are
related as C! = {K?C, : K? € CP}. We refer to a joint
response ®, = (®L,..., ®Nr) e C,, C, =CL x - x )P,
as a system-level strategy profile. Finally, the set of (open-loop)
system-level GNEs for this game is denoted as Qge .

The best-response mappings for G2 take the form
BRE(®,7) = argmin JP(®L & P),
2LV (®L")

consisting of the set of closed-loop maps ®£ which are best-
responses to the maps of other players, ®,,7 = (@{’;)i,ep\{p}.
They are solutions to the system level synthesis problem
2
)

oo
1 S 1
minimize (||CPCI):,; WS35 + H E DPPoy B
i E , . ,
peEP

n=1
(31a)
subject to @y 11 = AD, ,, + EﬁeP BP @5 s (31b)
TN (@), € X, (@P5w), € UP,
((Qﬁ*w)n, (tb;p*w)n) € Ug, Gle)
P, cC,, P cCP, (314d)
I (3le)

Collectively, the mapping BRy : C, = C,, defined by
BRy(®,) = BRY(®,') x --- x BRY? (®,7V7), is the joint
best-response to a system-level strategy profile ®,,. As before,
the GNEs of G2 are equivalent to the fixed-points of this map,
Qge = {®} € C, : ¥} € BRs(P},)}. Considering how
ggoéoinduces G2, a relationship can be established between the
best-responses BR and B Rg and, consequently, between their
fixed-points, QX io and (lge . In Section III-B, we formalise
this relationship and propose a learning dynamics for GFNE
seeking based on the system-level best-response mappings.

1
Remark 1. Problem (31) is independent of the matrix X3, due
to its linear-quadratic structure and the fact that ¥,, € S™=.
Hence, we remove it from JP (Vp) to simplify notation.

The best-responses { BRY },cp are still intractable: i) They
are defined by infinite-dimensional problems with no general
solution and ii) that require full knowledge of the noise process
(wn)nen to formulate the constraints U%. In the following, we
tackle both issues and provide a class of finite-dimensional
robust optimisation programs that approximate Problem (31).
We conclude the section by presenting a class of system level
constraints which enforce a richer feedback information pattern.

Finite-horizon approximation: The programs in { BR% },cp
can be made finite-dimensional by restricting the closed-loop
maps to the set of finite-impulse responses (FIR),

C,={®, € (,[0,N]: <I>M € Cym, NE[O,N), ®, v =0}
Cl. ={®% € &[0,N): 97, €Cl,,, n€[0,N)},

given horizon N € [2, 00). We enforce ®,, € C,, and ®%, € C?
in Problem (31) by adding the terminal constraint ®, y = 0,
and restricting the spectral factors to satisfy (@, ,, € CWL)N

n=1
and (9% € Ch Y=L The constraint sets C,,, C RN=*Ne

and Cf , C RNuXNa (Vp) have no restriction other than being
compact convex sets. The resulting problems are of the form
N
minimize ( CPDy |2 + || s p DPPOP 2)
pomimmize 32 (10} | Sep D0

(322)

subject to Dy 1 = APy, + Zﬁe?’ Bﬁqﬂg’n, (32b)
vne[l,N

€L (Ppxw)y, € X, (PPxw), € UP, (320)

((Cbﬁ*w)n, (q)_p*w)n) € Ug,
Qupn €Cony P, €CH,, (32d)
D1 =1In,, (I)LN =0, (32e)

which define finite-dimensional convex programs that can be
solved numerically. Since (C,,C?) are finite-dimensional, the
operators (Fg, K) and the convolutions in Eq. (32c) can be
represented by matrix multiplications: Consider any kernel
P c{P,} U{PP, PP} ,cp and some signal z € (. Then,
M =P xz = 2= Mspz,

given block-Toeplitz matrix Mg = [®;_;]ic[1,2n+1],j€[1,N+1]
and (z,2°") being a vector representation of these signals,
that is, z = col(zg,...,2n) and z°" = col(zd", ..., 29%).
Moreover, 20" = (P *2),, = [Mo|nz, where [Mo],, is the n-th
block-row of Mg. Thus, Problem (32) can be reformulated into
a program requiring only matrix algebra. Finally, we remark that
policies (K?, p € P) are implemented either by using Corollary
4.1 or by directly computing kernels ®7 = ([Mg»], P, )nen.

Although realising Problem (31) into a tractable program, the
Problem (32) is only feasible when the pair (A4, B?) is full-
state controllable. This is a difficult requirement in multi-agent
settings, as often N? <« N, for all p € P, leading to Problem
(32) becoming overdetermined. Furthermore, enforcing FIR
constraints is known to result in deadbeat policies: Control
actions are excessively large in magnitude for small N < oo.
Alternatively, we restrict the system level responses to the sets

C. = {Px€l[0,N]: D, n€Cym, nel0, N), ”q)z N”F <7}
Cl = {®y€l:[0,N) : @} eCy ,, n€[0,N)},

with || @, N3 = Y, 04(®y,n)? < v for some factor y € (0, 1)
and o;(-) denoting the i-th largest singular value of a matrix.
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These are reffered to as the set of approximately FIR for N > 0.
The p-th player best-response map thus takes the form

N-1
minimize ( CPQ, |5+ Y 5ep DPPOL |12 )
®L,=(dF )N 1 ,; H Al ZPEP » I 2

= + |CP@y N7

(33a)

subject to @, 11 = AP, + 213677 BP @Z ns (33b)
vne[l,N

€[1,N) (®pxw), € X, (PLxw), € UP, (33¢)

(L 51),, (@, 7)) € U,
@y € Cony @, €CL s (33d)
S, =1In,, ||q)z,N||F <. (33¢)

The solutions to Problem (33) approximate those of the infinite-
horizon Problem (31): With respect to N, the performance of
the former converges to that achieved by the latter [36]. In
this case, feasibility only requires (A, BP) stabilisable and a
sufficiently large horizon N to ensure that ||®, y||% < v is
achievable for some ®%, € UL (®,?). Computationally, this is
still a finite-dimensional convex problem which can be solved
numerically. Here, we let BRZ) : €7 = Cf, be the solutions of
Problem (33) parametrlsed by ®,,7. The map BRq, C,=Cy,

BRo(®,) = BRq;.( wl) X x BR<I> "(@;17), is the joint
( approximately)best-response to the system-level profile ®.,,.

Conversely to BRg, the fixed-points of E\RQ do not coincide
with the set of GNEs Qgg»o , but are rather contained in the
set of e-GNEs QZ?; for some equilibrium gap ¢ > 0. This
is clear from the fact that the original Problem (31) and the
approximation Problem (33) have different optimal values.
Under certain conditions, this fact can be shown explicitly.

Theorem 5. Consider a fixed-point ®%, € El\%q)(@i) and
assume that ||} y||% < v for ®; = Fe®;, obtained from
the original best-response ®7, € BRq(®5,). Then, the profile
®c = (®L,..., ®57) is an e-GNE of G& satisfying

JP(®E B P )< min JP(BL, B ) +e

(34)
BLEUL(2,°)

with € = maxpep 7JP (P? ®_.P") for every player p € P.

The equilibrium gap associated with ®¢, € El\iﬁp(@i) is thus
proportional to the parameter 7, assuming that the terminal
constraint Eq. (33e) also holds for solutions to the original
Problem (31). Hereafter, U} : C,? = CP (Vp) are assumed
to incorporate the pair (C,, C) defining the set of (soft-
constrained) FIR approximations defined above for a NV > 0.
We write U% .~ Whenever this needs to be made explicit (e.g.,
to d1st1ngu1sh this choice from a more general C, and C?).

Robust operational constraints: From Assumption 3, the sets
X, UP, and Ug, can be expressed by linear inequalities,

X={x € RN . Gy < 9z}

Ur = {uy € R : Ghuj < gb};

Ug = {us € [Tpep RY 0 Y sep Goul < g},

given some matrices G, € RNx*Ne Gp ¢ RNur XNy and
Gp € RNug XN (95 € P), and vectors g, € R>0 g € R>o’

N, . .
and gg € R5,%. The map UP(u"P) is then equivalent to the
actions u? = ®2 x w whose associated response P2 satisfy

(Geli(®Pe *w)n < [ge)is, 1=1,..., Nx; (35)
(GEL; (0 *w)n < [gh]j, J=1,...,Nur; (36)
Y seplGEI(PE xw)y < [ggli, 1=1,...,Nyg,  (37)

with ([Gali; [92]i). ([GR];: [98]5). and (IGGli, [9g]:) denoting,
respectively, the i-th, j-th, and [-th rows of the corresponding
matrices and vectors. In this work, players are assumed to
synthesise policies that satisfy these constraints for any w € W.
At the expense of conservativeness, we cast Problem (33) as
a robust optimization problem by considering the worst-case
realisation of the noise. Specifically, we reformulate Eq. (35),

N

sup [G.’r]iq)m,n’w S [gr]za
n’=0 wew

i=1,...,Ny  (38)

and similarly for Eqs. (36)—(37), then exploit our knowledge
of W to obtain an analytical solution for the supremum.

A common instance of gf;g considers the problem in which
(wy )nen is uniformly bounded. In these problems, the inequal-
ity Eq. (38) can be expressed in terms of a dual norm on the
appropriate vector space. We highlight two important cases.

e W is an ellipsoid centred at zero. Formally, the set is

W= {U}t S RNz : ||P’th2 < 1}7

given a matrix P € Sfj_. This corresponds to noise
processes with uniformly bounded energy, as encoded
by || - ||2- For such cases, Eqgs. (35)-(37) can be enforced

by the second-order conic (SOC) constraints

Zn OH (I)xnp || <I[gazli, (Vi);
o |I(G Dl < gz (¥9);
nmo HZ;?GP l‘I’ PO, < lggli, (VD).

e W is a polyhedron, symmetric around zero. Formally,

W = {w; € RN* : || Pwy]|oo < 1},

given a full-rank matrix P € RNz This corresponds
to noise processes with uniformly bounded intensity, as
encoded by || - |- For such cases, Egs. (35)-(37) can be
enforced by the first-order conic constraints

Zn 0|| <I>x nP I, < lgelis (Vi)
o lIc Ol <[99
noo Hzﬁep Z‘I’p O, < lggli,  (V0).

P

Remark 2. If X = RN+, Y? = RN4, and Ug = [[,cp R™,
these constraints are trivially satisfied for any w € W, and thus
can be removed from Problem (31). Conversely, if W = RN«
when either X, UP, or Ug is bounded, then no stabilising
policy can enforce those constraints for all possible w.



Structural constraints: The sets (Cyn,Ch ) nent (Vp € P)
are designed to impose some structure directly on the policy
KP (Corollary 4.1), often in the form of sparsity constraints.
An important class of such structural constraints encodes
information patterns incurred by the presence of actuation
and sensing delays: Let K? € C? (Vp) satisfy the restrictions

CP ={KP? € L(X,U") : Actions [BP(K?x)]; respectively
affect and feedback the component
[x¢]; with the delays d,,ds > 0},

(39)
and consider the operators S, : @4 — (Szn © Py n)nen, and

S @b — (Sh,, © P | )nen, (Vp), given the matrices

_ max (0, | "gf“ D
(Sz,n)n€N+ (Sp(A ))n€N+ ’

n—dg
(Sg,n)n€N+ = (Sp(BpTAmaX (0, LTJ))>

)
neNL

with Sp(-) denoting the sparsity pattern of a matrix!. It can
be shown that K? = ®2&_1 € CP (Vp) if its parametrisation

satisfy (@4, € Con)nen+ and (@8 € CP ) en+ With
Cm,n = {q)z,n S RNIXNm : (pz,n = Sz,n © (pz,n}; (403)
ch, ={or  eRNNe . @p =GP OO L (40b)

The constraints Eq. (40) enforce that the closed-loop response
to the noise obeys an information pattern induced by the
dynamics of the game GLQ. Specifically, [S; ,]i; = O (re-
spectively, [S% ,];; = 0) indicates that any disturbance to the
J-th component of the state, [x;];, does not affect [x,];
(does not feedback into action [uf,,];). Finally, note that
(Cem,CP . )nen+ are compact convex sets, as they correspond

z,my Yun

to the kernels of the linear operators (I — S,,) and (I — SP).

The ability to impose a desired policy structure using convex
constraints is a central feature of the SLS framework. In the
context of dynamic games, it allows for describing and, most
importantly, solving problems where players have asymmetric
information patterns; a major challenge for feedback Nash
equilibrium problems [41, 43]. For (Cy, ny Ch. )neN+ from Eq.
(40), conditions for the existence of GENE (i.e., Q¥ glo # ), can
be stated in terms of the delay parameters d, and d Unless
stated otherwise, the mappings { BR% },cp (and {BR@}pep)
are assumed to include these constraints with d, = ds =1 .

B. System-level best-response dynamics

A learning dynamics based on the system-level best-responses
{BR,},cp relies on the following central result.

Theorem 6. A policy profile K* = (®1,...,®,7)®; '€ C,

is a GFNE of GL0 if ® € BR4(®},), or, equivalently,

P c BRE(®,"), VYpeP. (41)
Proof. Consider an arbitrary fixed-point ®}, € BRE(®}).

From Theorem 4, we have ®) = Fs®],. Now, consider

!'The operator Sp(A) produces a binary matrix such that [Sp(A)]; ; = 1
if [A];; # 0 and [Sp(A)];,; = O otherwise.

policies K?" = &2 (®%)~, p € P. Clearly, %, = K7 &,
As a consequence, for any w € W,

PP w=K o w = u’ =K'z

and, by definition, ®2 € UZ(®,P") imply u?” € UP(u™"").
Thus, u* is the open-loop realisation of the policy K *. Finally,
since JP(uP” ,u”P") = JP(®L ®,P") and B}, € Qga, we
conclude that no player can obtain an admissible policy that
unilaterally improves its cost, that is, K* € Q. O

The relationship between BR and BRg implies that a GFNE of
ggcQ can be obtained analytically from a GNE of g;};. This fact
allows us to adapt the BRD-GFNE procedure (Algorithm 3) and
propose a procedure for GFNE seeking in constrained infinite-
horizon dynamic games based on the mappings { BR% },cp.
This system-level best-response dynamics (SLS-BRD) approach
is given in Algorithm 4. We remark on some technical aspects:

o The pair (®}, ,, P, ;) defines the p-th player’s parametri-
sation after & € N updates, that is, ®7 , = (P},  )ren
and @7, , = (P}, )ien. The update index & € N should
not be mistaken for the stage index t € N.

« Updating the policy K}, k1 consists of either employing
Corollary 4.1 with maps (®, , ., ®?, ;. ), or directly

computing its kernel <I>k+1 ([M(pp H1] (I);;H_l)nGN-

« Responses {®] ; },ep are most likely distinct at k& < oo,
that is, (I’Z’ K 7 @Z’k for p # p. Consequently, the system
level parametrisation (Eq. 24) might not hold for the
profile K, = (®1, o(®L,)7",..., @ % (®%)7") and
this could lead to stability issues. However, this policy still

satisfies a robust variant of Theorem 4 when the distances
||‘I>’,J’c’,g — Fe®,,1| (Vp € P) are sufficiently small [36].

The SLS-BRD induces an operator 7o = (1 — n)I + nBRg,
which defines the global update ®,, 41 from ®,, 1. As before,
T3 and BRg share the same fixed-points: The GNEs ng> .
From Theorem 6, convergence to a response ®;, € T¢,(‘I'*)
then implies convergence to a policy K* € QKOO Hence, this
learning dynamics is a formal procedure for GFNE seeking.

Algorithm 4: System-level BRD (SLS-BRD)

Input: Game G1Q == (P, X {up}pEP7W {JP}per)
Output: GFNE K* = (K'",..., KNF)

1 Initialize Ko = (K¢, .. .,Kévp) and k = 0;

2 fort=0,1,2,... do

/+ Players apply actions {uz,t =Kizpi}per */
3 if ®,, 5 € BRs(P, 1) then return K ;
4 | if t = (k+1)AT then
5

6

for p € P do
Update K7},

(I)u,k—i-l = (1_77)(I’Z,k + nBRZ,(@;,pk),
<I’Za):,k-|—1 = F‘I’(q)i,k—l—l’ ‘I’;,pk)
7 B k=k+1;

by computing the kernels
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In this general form, Algorithm 4 is still unpractical due to
{BR},},cp being intractable. The SLS-BRD can be adapted

to consider instead {Eﬁi }pep: The players’ updates become
=P
D7 1 = (1)@, +nBRy(2,05).

The global update rule induced by this modified algorithm is
Te = (1 —n)I + nBRg. In this case, the fixed-points of Tq
coincide with those of BRg. As such, this (approximately)best-
response dynamics is a procedure for e-GFNE seeking, € > 0.

Convergence of the SLS-BRD: The convergence of Algorithm
4 depends on BRg (or BRg, for its tractable version) being
at least non-expansive (Theorems 2-3). Formally,

Theorem 7. Let the map Ef\%cp :Cy=Cy be LET?,q) -Lipschitz,

with LET%(I, < 1. Then, the SLS-BRD (I)'u,,k-l-l = T@(‘ﬁu’k)
converge to the unique e-GNE ®}, € QZ¢ with rate

k

[P, — Py |l
*<((01-n) —nLlgg,) (42)

[P0 — Rylle, —
Sfrom any feasible initial ®,, ¢.

In general, determining a Lipschitz constant for such mappings
is challenging. However, for linear-quadratic games GLQ
where W is a polyhedron, best-responses are piecewise-affine
operators and their Lipschitz properties are straightforward. In
the following, we use this fact to establish some conditions for
convergence of the SLS-BRD for a specific class of games.

Consider the (approximately)best-response maps {ﬁi}pep
and assume N sufficiently large to ensure that ||®, y|% < v
is strictly satisfied. For notational convenience, let us introduce
the operators Fp = (I — S+ A)~'S; B? (Vp € P) and signal
FY =(I—S4+A) 18Iy, and the objective-related mappings
CP: ®, — (CPD, ) nen and DPP : P s (D”f’cbgn)neN,
with DP? = 0. Moreover, for all p,p € P, define the operators

HPP = (CPFY + D))" (CPFy + DPP),  (43)

and HP~P = (HP"P);cp. Because {®L},cp are FIR, all the
elements defined above have equivalent matrix representations.
Using this notation, Problem (33) can be reformulated as

minimize Tr[®L" HPP®F,
BLEUL(2,") o
' + 2(2;5673\{17} HPP 5, + HPO)TZ%])

The maps BRP(®,7), p € P, thus correspond to the solution
of quadratic programs with convex constraints UL (®,,7), for
®,7 € C.P. In the case of W = {w; € R : |[wy] 0 < 1},

and without structural constraints, that is, S, = I and S? = I,
UL(@,7) = {®7, € £2[0, )
Pynt1 = APyt sep Bﬁ@ﬁ’m O, =1In,,
oo | (Gli®an)T |, < gl
S l(GR 28T, < [92);,

SN I sep (IGEL®E )T, < lggli}-
(45)

Using standard techniques from optimisation, the constraints Eq.
(45) can be incorporated into Problem (44) as linear inequalities.
TEe\solutions for these problems, that is, the best-responses
{BRg}pep, are thus piecewise affine in ®,7 € C,/P [44].
Consequently, also ETip must be piecewise affine. A local
Lipschitz constant can then be derived for each region of
C, P that leads to a subset of the operational constraints being
active. For non-generalised games (i.e., when X = RN+ and
Ug = HpE'P RNY), the structure of this affine mapping can be

exploited to derive a global Lipschitz constant for E?Eq).

Theorem 8. Consider X = RN* and Ug = [],cp RY%. Then,
The map BRg is LEI\:ap -Lipschitz with
_ 2
Léﬁq) = ZPEP(L%T%(],) ) (46)

given the player-specific constants

L%E(b = (1 + K(HP))||(HP?) H? (|52, (47)

with condition number r(HPP) = ||(HPP)||a—2|| HPP| oo

The proof of Theorem 8§ is extensive: The reader is referred
to Appendix C for the full details. Importantly, this Lipschitz
constant is not tight and thus Lz < 1 using Eq. (46) is only
a sufficient (but not necessary) condition for Theorem 7 to
hold in practice. Regardless, it highlights some intuitive, but
non-trivial, facts about the convergence of the SLS-BRD:

o The condition LET%q, < 11is implies that the block-operator
H = [HPP], s¢p is diagonally dominant. This highlights
the relationship between the SLS-BRD and the class of
Jacobi iterative methods, where diagonal dominance of
the linear system being solved is a strict requirement.

e The convergence rate of the SLS-BRD is inversely
proportional to || DPP||% (Vp) through HPP. As such, faster
convergence is expected for games in which players apply
strong penalties to their own actions.

o The convergence rate of the SLS-BRD depends on the
number of players: Let L%T%q, =/a+pBP forallpc P
given some «, 3 > 0. Then, L%Rﬁ = (aN,)? >, 87 In
large-scale games, players might need to become more
conservative in order to ensure that BR is a contraction.

o The convergence rate of the SLS-BRD is dominated by
the slowest player: Whenever there exists a p € P such

p p = TP
that LER,, > Lﬁq} for all p € P, then LBR¢ & Lﬁq).

o The norms ||HP?||s_o = |CPF} + DPP||3_,, increase
with the FIR horizon N, specially for unstable games. In
some cases, players might need to proportionally decrease
the state-penalties C? to ensure (or improve) convergence.

At the cost of interpretability, similar Lipschitz constants as
in Egs. (46)-(47) can be obtained also when (X,Ug,UP) and
P are general, and when structural constraints are present.
Moreover, we remark that Theorem 8 is obtained under the
assumption that || ®,, x||% < ~y holds strictly. The best-response
maps {1/3]\%2, }pep when this constraint is active, or when W
is an ellipsoid, become quadratically-constrained quadratic
programs and their Lipschitz properties are less intuitive.



IV. EXAMPLES

In the following, we demonstrate the SLS-BRD algorithm in
two exemplary problems: Decentralised control of an unstable
network and management of a competitive market. In both prob-
lems, we set the initial profile Ko = (@, ...., &, 5)®, 5
by projecting the zero-response ‘i’u,o = 0 into the feasible set.
A SLS-BRD routine is then simulated by having players update
their policies through best-responses to the parametrisation of
their rivals’ policies, assumed to be available. Due to numerical
limitations, we interrupt the updates whenever the condition

@7, — @) i lle. /B0 4lle, <1072 (Vp € P) is satisfied.

A. Stabilisation of a bidirectional chain network

Consider a game G5 = {P, X, {U"},ep, W, {JP},ep } with
players P = {1, 2,3} operating a chain network of N, = 14
single-state nodes whose dynamics are described by

1
) . Og(p—1)x2
A = ' . ) ; Bp: IQ b)

Os3—p)x2l J ,cp

(43)
where A € RN=*Ne and BP € RN=*Ni with N? = 2 (Vp).
This game has unstable dynamics, since p(A) = 1.073 > 1,
however it is stabilisable for each (A, BP). Moreover, the game
is subjected to a noise process described by w; ~ Uniform(WV),
t € N, defined over W = {w; € RY* : |lwy||oo < 1}. In this
problem, players are interested in stabilising the game GLQ,
while minimising their individual objective functionals,

>~ (el +5P||uf%)] :

t=0

JP(uP,u™P)=E

equivalent to Eq. (21) after setting C? = [In, On,xn, ]
DPP = [On, xn, VBPINu]T, and DPP =0 for all p € P\{p}.
The players’ actions are subjected to operational constraints,
uP € UP(u~P), defined by the constraint sets

X =R,

1

P T
Ur = {u? ¢ RN . E[lN’I: —1ye] uf <1 1}

Z/[g = HpG'P RN57

enforcing —10 < [u}]; +[ul]o < 10 forevery t € Nand p € P.

We assume that players design their state-feedback policies,
K? = ®?®_! ¢ C?, considering a FIR horizon of N = 50

and the constraints (®,,, € Cp.n)i_; and (4 € CF, ),

Cz,n = {(I):v,n € RNmXNw : cb:L’,n = Sp(An_l) © q):c,n};
Ch, = (@), eRVNe o = sp(BTAM ) 0 @) ).
Under this setup, GLQ belongs to the class of dynamic potential

games (DPG, [45]) and the (unique) GFNE can be obtained in
advance by solving a centralised optimisation problem.

2That is, ®.,,0 = arg ming cqp [Pu— ‘i’u,0||§2 given the feasible set
Up = {Pw € £2[0,N) : B, € UL (®,"), p e P}

In this experiment, we simulate a GFNE seeking procedure for
each different value 5 € {(10,40, 10), (2, 8,2), (0.4,1.6,0.4)}.
The game G.Q is executed alongside the updating of players’
policies according to some learning dynamics. The players
seek e-GFNE policies by adhering to the SLS-BRD routine
(Algorithm 4) using their (approximately)best-response maps,
{BRg}pep, with 7 = 0.95. The policies are updated simulta-
neously every AT = 1 stage with a learning rate of n = 1/2.

The convergence of the SLS-BRD routine to the fixed-point
K*=&:&;! = (®. ..., ®.7)®;" is shown in Figure 3.
The results demonstrate that the players’ policies are sufficiently
close to the e-GFNE profile after 260, 420, and 510 iterations
for each respective weighting configuration. In each case, the
(soft) FIR constraints are satisfied strictly after the initial
profile (that is, [|®%, ylI7 < 0.95, k > 2, p € P). The
Lipschitz properties of the global update rule Tg seem to
follow the intuition provided in Section III-B: The convergence
rate improves when players apply stronger penalties to their
actions (8 = (10,40,10)) when compared to that obtained
by weaker control penalties (5 = (0.4,1.6,0.4)). However,
we stress that the Lipschitz constants from Theorem 8 do not
consider structural constraints (S, and ST, Vp € P) and cannot
be applied to this experiment. Regardless, the convergence rates
are shown to be geometric, indicating that the best-response
maps B Ry in these scenarios are contractive. If not interrupted,
and disregarding numerical limitations, the SLS-BRD should
continue to approach the fixed-point K* at this rate.

1¢°

(log)

(10, 40, 10)
(2,8,2)

B
53
—— 3=1(0.4,1.6,0.4)

[P, — P, [l ey
[®w,0—®% 1,
-
<
o

Convergence -

0 50 100 150 200 250 300 350 400 450 500
Updates - k

Figure 3. Np-Chain game: Convergence of the SLS-BRD routine.

In Figure 4 (top), we show the relative distance between the
individual updates {®7, .., ®}, . _;}pep from each player. The
updates are of similar magnitude for all players p € P, in each
scenario, except for player p = 3 which shows a slightly faster
convergence. In general, these local changes become numer-
ically negligible at a faster rate than the global convergence
in Figure 3. Specifically, when the relative distance between
updates approaches the aforementioned threshold of 1078, the
corresponding policy profile has become closer to the e-GFNE
by a factor of 10~°. Finally, we consider the relative distances
% . — Pa,klles /[P g lless k € Ny, between the responses
{@i’k}pep and ®, ), = Fp P, obtained from the system-
level parametrisation associated with ®,, ;; (Theorem 4). As
shown in Figure 4 (bottom), these distances decrease at a similar
rate and are relatively small since the initial stages of the game.
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Figure 5. Np-Chain game, ¢ € (550, 600]: State & (top panels) and applied control Bwu (bottom panels) trajectories for each execution of géS with
B8 € {(10,40,10),(2,8,2),(0.4,1.6,0.4) }. The vertical axis represents each node in the chain-networked system.

The policies K = (®}, ,(®L )7, ..., @15 (®27)71) thus
approximate (®. ..., &7 )®_ " as k — oo and are
expected to stabilise the system during this learning dynamics.
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Flgure 4. Np-Chain game: Relative distance (in log-scale) between updates

(®? ®P ), top panels, and responses (fbi”k, P,k ), bottom panels.

u,k’ ~u,k+4+1

The evolution of the game given the actions by each player is
displayed in Figure 5 for the period ¢ € (550, 600], when the
policy updates have been interrupted. The results demonstrate
that the policies obtained by the SLS-BRD routine are capable
of jointly stabilising the networked system, robustly against
the random noise. These policies are also shown to satisfy
the operational constraints: Each player’s actions become
(roughly) symmetrical and satisfy |[u;]1 + [u]2] < 5, ¢t € N,
in all scenarios. The enforcement of this strategy highlights
the conservativeness resulting from the robust operational
constraints. Finally, note that the state- and control-trajectories
from operating the system through these policies are similar for
all 8 configurations; however, the policies with 8 = (2, 8,2)
and 8 = (0.4,1.6,0.4) achieve a slightly better noise rejection
at the expense of more aggressive control actions. In this exper-
iment, the choice 8 = (10,40, 10) seems to be preferable as it
converges faster while still achieving satisfactory performance.

B. Price competition in oligopolistic markets

Consider a game GXQ={P, X, {U"},cp, W,{JP},cp} con-
sisting of a set of companies P = {1, 2, 3,4} participating in
a single-product market. Assume that these companies have
equivalent production capacities and are able to satisfy the
demand for their products. The product offered by company
p € P has a daily local demand dP = (dP(t));er., which
evolves according to the continuous-time dynamics

po(t) = dzb)ase( ) Zﬁep _dp(t)7

linear price-demand curve

BPhyP(t)

where u” = (uP(t)):cr., are price changes around the value
at which p € P sell its products and df, . = (db..(t))ier-,
is some fluctuating baseline demand. Specifically, the baseline
demands are of the form df, . (t) = dpase +v7 (t), for all p € P,
given fixed dpusc = 10 and noise process vP = (VP (t))ser-,-
The market parameters 7 € R>( and BrP ¢ R>o (Vp,p € P)
describe how local demands respond to price changes: We set
7 = 1.2 and sample BPP ~ Uniform(0.5,1.5) for all p,p € P.
In this problem, companies aim at devising pricing policies to
stabilise their demands around dp,s., which provides a stable
profit margin, while satisfying a price-cap regulation enforcing

—Uavg < Nip ZpE'P up(t) < Uavg, Uavg = 0.5.
Define = (x!,...,2V7), with 2P = (dP(t) — a_lbase)teRZO,
and B? = [BP! BPN?], for all p € P. Considering a

zero-order hold of inputs with period At = 1/4 [days], the
game GLQ can be described by the discrete-time dynamics?

Ti41 = Alﬁt + Z Bp’ultj + wy
peEP

with A = exp(—7At)Iy, and {B? = —1(A — In,)B"}pep,
and the noise process w = ( — L(A — INw)vt)teN [46]. The
companies assume that the baseline demand fluctuations satisfy
wy €W = {w; € RYs : ||wy]|oo < 1} for all ¢+ € N. Under

3With a slight abuse of notation, we use ¢ for both the continuous-time
(x(t). t € R>) and discrete-time (¢, t € N) signals.



this representation, each player’s objective is formulated as
solving for a policy which minimises the functional

> (o el +ﬁp||uf|§)] :

t=0

JP(uP u™P) =E

given weights o, 8P € R>q. We sample o ~ Uniform(5, 15)
and 8P ~ Uniform(0.3,0.6) for each p € P. The operational
constraints, u” € UP(u~P), are defined by the constraint sets

X = RN,
ur = RN,
Ug = {ur € [Tep RM i [Iv, —1w,] we < [1 17},

We consider that players design their state-feedback policies,
K? = ®?®_! € CP, with a FIR horizon of N = 16 and no
structural constraints, that is, S, = I and S = I (Vp € P). In
practice, this implies that companies have perfect information
of any demand «” and price u” changes in the market.

As in Section IV-A, we simulate an instance of the game Q]&?
alongside the SLS-BRD routine (Algorithm 4) with players
using (approximately)best-response maps, { BRg },cp, given
~v = 0.95. Policies are updated simultaneously every AT =1
stage with learning rate = 1/4. Under the above setup, the
game GLQ is not a potential game and thus a GFNE cannot be
easily computed in advance. Finally, we remark that solutions
to this problem are neither unique nor necessarily admissible:
Different initial profiles result in convergence to different fixed-
points, which might be unfair to a subset of players.

The convergence of the SLS-BRD routine to a fixed-point
K*=&:®;' = (8. ,...,&17)®_" is shown in Figure 6.
Since the exact fixed-point to which the routine will converge is
not known for this problem, we let ®;, ~ @u,kf for ky = 828
(when the policy updates are interrupted) and analyse the
convergence with respect to this point. In this case, the iterates
approach the fixed-point mostly at a geometric rate with the
policies requiring roughly 800 updates (or 200 days in-game)
before changes become numerically negligible. The rate of
convergence is also observed to slow around k& = 15, when the
generalised constraints (Ug) become active. We stress that the
best-responses {BRZ,}pep cannot be (globally) contractive in
this case, as the set of fixed points ng, is not a singleton.
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Figure 6. Market game: Convergence of the SLS-BRD routine.

In Figure 7 (top), the relative distances between the individual
updates {®7, ,, ®%, ., }pep are displayed. As in the previous
example, the updates are of similar magnitude for all players
p € P and they become numerically negligible at a faster rate
than the global convergence in Figure 6. The convergence of
the distance between updates is shown to slow considerably,
especially for p € {1,4}, around k = 50. Thereafter, these
relative distances continue to decrease at a steady rate. In Figure
7 (bottom), the relative distances [|®% , — ®o klle, /[|P% 4 25
k € N, between responses {(I)’;’k}pep and @y ) = Fo P,k
are shown. As before, these distances decrease at a similar rate
and are relatively small since the initial stages of the game.
The policies Ky = (®}, ,(®L )", ..., ®55 (®2%) ") thus
approximate the stabilising profile (®,, ,,..., ®,,’ k)‘im L as
k — oo and are expected to be stabilising for all iterations.
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Figure 7. Market game: Relative distance between updates (<I>Z ko <I>Z’k+1),
top panels, and responses (<I>m & Px,k), bottom panels, for all peEP.

The evolution of the game given each player’s actions is
displayed Figure 5 for the in-game period t € (260, 400] days,
after the policy updates have been interrupted. We compare
the performance of the policy profile K* = ®} ®_! with the
evolution obtained through the open-loop operation () = 0.
During this period, we simulate a worst-case fluctuation on
the baseline demand for the companies’ product by defining

(1, 1, 1, 1) fort e [265,279];
( 1,-1, 1,-1) fort € [293,307];
w(t) =< (-1, 1,—1, 1) fort e [321,335];
(1, 1,-1,-1) fort € [349,363];
(—=1,-1,—1,—1) for ¢t € [377,391],

and w(t) = 0 otherwise. The results show that the policy
profile obtained by the SLS-BRD routine allows the companies
to efficiently respond to changes in their local demands. In
general, the players coordinate price changes to alleviate the
deviations from the baseline demand caused by the disturbances.
Moreover, the player’s actions satisfy the price-cap constraint
N%J > pep WP(t)] < 0.5 in all disturbance scenarios. The best
performance is observed for companies p € {3,4}, whereas
p = 1 behaves noticeably worse than all players (especially
for w(t) = (1,-1,1,—1) and w(t) = (-1,1,—1,1), when
the open-loop operation seems to attain better results). This
highlights the fact that fixed-points obtained through the SLS-
BRD routine are not necessarily admissible GFNE, and thus
might be unfavourable for a subset of players. Finally, we note
that these policies are still not able to completely reject the
effect of the extreme disturbances: Achieving zero-offset would
require incorporating integral action into the player’s policies.
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APPENDIX
A. Proof of Corollary 4.1

Corollary. A policy KP = ®2®_1 (Vp € P) is defined by

the kernel ®P = PP « '13;1, and implemented as

§ = — Zi:l Sy ri1&i—r + 4 (49a)
up = S &, (49b)

using an auxiliary internal state £ = (&, )nen With & = xo.

Proof. The statement &7 = ®2, « &1 follows directly from
the inverse Z-Transform of K? = &2 &1 and & = (¥P),,cn
being the convolution kernel of K. The operations Eq. (49)
are obtained as the inVAerse Z-Transform of Eq. (25) and the fact
that 27 [z(1 — )€l = &1 — & = 30, Purbinr. O

B. Proof of Theorem 5

Theorem. Consider a fixed-point ®;, € ETD@((PZ) and
assume that || ®} y||% < v for ®5 = Fe®}, obtained from
the original best-response ®}, € BRqg(®S,). Then, the profile
& = (L. ®.7) is an e-GNE of G2, satisfying
T, ") < T @ @) +e

min (50)
BLEUL (®,7°)
with € = max,ep 'pr(QfJI’;pE) for every player p € P.

Proof. Let ®}, € BRs(®5,). We construct a candidate fixed-
point by defining &<, = (®% )=y Clearly, 7 satisfies
all the constraints in Problem (33) by construction and also
(D300 = @5 = Fo®, satisfies 9% |3 < v by our
assumption. Now, consider ®;, € ET%¢(<I>Z). From optimality,
! JP (B, ®F")
1 _ ,y u’ u ?
(5D
where the second inequality derives from the fact that the
quadratic objective functional is larger for the infinite-impulse
response ®%, and that ﬁ > 1. Finally, by definition,

@B ) < (BB <

®7 = argmin JP(BL, B

BLEUL(®."°)

and thus the inequality Eq. (50) follows directly from Eq. (51)
by defining £ = max,ep 7JP(®L , B,7). 0

C. Proof of Theorem 8

In order to prove this theorem, we start by introducing some
useful lemmas. Firstly, let W = {w; € R : ||wy]|oo < 1}
and assume ||®, y||% < 7 is strictly satisfied, and define the
operators {HPP}, 5cp as in Section III-B. In the following,
we slightly abuse notation and apply matrix algebra directly to
signals and operators: These should be understood as applied
to their equivalent matrix representations.

Lemma 9. Define the signal ®%, = (vec @ﬁ’n)ﬁtll for each
p € P._The (approximately)best-response mappings satisfy
B2 € BRy(®,P), where ®Y is obtained from a solution of

miniy})ize iﬁfﬁm’éz + Q(ﬁp*_pti;;p + ﬁpo)Tq_;z
t, 3L
subject to  —1 < C:”ﬁtfﬁ <t
17t =1[g%);, j=1,..., Nu»
given the operators
HYP = blkdiag(H"P,... H") = Iy ® H"P
GP = blkdiag(GP,...,GP) = I;y_1yn, ® GP,

for p € P. Here, t is an auxiliary block-vector of appropriate
dimensions and t = U't for some unitary transformation U.

Proof. Consider Problem (33) with the aforementioned assump-
tions. Firstly, we convert the linear dynamics,

vec(®y) = vec(S4 AP, + ), S+ BP®Y, +41n,),
= B,=(IN, 084 A) B+ Y, (IN,®S 4 BP)BL+5D,
= $,=1Iy, ® (I - S+ A) (X, S+ B8, + §8,.1)
= &,=Iy, @ (3, FE®I, + F3),

where CI;IJ = vec Iy, . After some standard manipulations,
the objective functional becomes

JP() = 8% (Iy, © H)®Y,
+2((In, ® H> )87 + (Iy, @ H?)) &7,
+ (affine terms).

Consider now the vectorised constraints,

N—-1
SN lvec([GR);9% ) < (98]
= SNy, © G218 L < 98],
= —tjn, < (I, ®[GE])®,, <tjm, n=1,...,N—1

un —

where we introduced the auxiliary vector ¢;,, € R™V* then refor-
mulated the sum of 1-norms into its epigraph form by adding

the constraint 17¢; = [gP]; with t; = col(tj1,...,tjN—1).
Equivalently, these inequalities can be written as
—t; < Uw-nn, @ [GL)®, <t;, 17t; = [gh];.

Since I(y_1)y, ® GE = Ucol(Iin_1)n, @ [GB];)}4 for

some unitary matrix U, we concatenate all inequalities into
—UTt < (Iin-1yn, ® GR)®E < UTt,

with t = col(ts,...,tn,,). Finally, we define {ﬁpﬁ}ﬁep
and G? as in the lemma’s statement and reformulate the best-
response mapping accordingly. O

The above result shows that {ﬁ%{; }pep are the solutions of
parametric quadratic programs with linear constraints: They
consist of piecewise affine operators. The following lemma
relates the Lipschitz constants of a collection of affine operators
with that of the operator defined by their concatenation.



Lemma 10. Let T = (T*,..., TN?) : X — Y be a mapping
constructed from the affine operators TPx = APx 40P, p € P.
Then, Ly = |[(A', ..., ANP)||o_,o is the (tightest) Lipschitz
constant for T, which can be relaxed by the upper-bound

L7 <3 ep 47132, (53)

Proof. Firstly, Tz = (A',...  ANP)z+(bl,--. | bNP), that is,
T is an affine operator with A = (Al ... AN?) € L(X,)).
From definition, the operator norm [|(Al,..., ANP)|las =
L is smallest Lipschitz constant for this mapping. Finally,

L7 = (A", ..., ANP) |5,
= | ep AP AP||3 0,
< S ep 47 A2,
= per 147135,
since (AL, ... ANP)* (AL ... ANP) ="

pep APFAP. OO

Finally, we can proceed to prove the Theorem 7.

Theorem. Consider X = R™: and Ug = [Lepr RN, Then,
The map BRg is Lﬁq) -Lipschitz with
Lgh, = \/ 2perLgp,)" (54)

given the player-specific constants

Lr = (L4 s(H))|(H?) HP 7P|, (55)

with condition number rk(HPP) = ||(HPP)1||o_o|| HPP||o_so.

Proof. Consider the reformulation of the (approximately)best-
response maps BRg introduced in Lemma 9. Further, assume
that the active constraints are known for each ®,,? € C,;”: We
let G}, 4 = e4G?, denote the rows associated with the active
inequalities indexed by .4, where the sign has been absorbed
into the selector matrix e 4. Using the KKT conditions [47], a
solution of this problem is obtained from its Lagrangian as

. — . = . ~ T *
Sl = —(H™)|(HPP@,P + H" + 3G N),  (56)
where A" is an optimal solution to the associated dual problem.

From complementary slackness, )\f t = 0 for all ¢ ¢ A, and
the non-zero lagrangian multiplier are

N =Gl B — iy
~ — ~ T T — —~ -
= _Q[GZ,A(HPP)TGZ,A} [GZ,A(HW)THP’ rjeyr

+ (affine terms).
(57)

Now, introduce the auxiliary operator V? = (C:‘z A)T(C:”i a)-
After some algebra, we can combine Egs. (56)—(57) into

‘I_;f: _ _{(’}‘I’pp)’rﬁn—p
+ (ﬁpp)TﬁpTﬁppf/p(ﬁpp)Tﬁpﬁp}(f;p
+ (affine terms). (58)

Thus, the optimal solution takes the form of an affine operator
o2 = (0, AP)®, + bP from C, to CP, with (AP, bP)

us

obtained from Eq. (58). The collective best-response is the
concatenation of these solutions,

&1 = ((0,A7),...,(0,A"N*) &, + (b',...,b%).

Finally, note that converting this formula in terms of the original
matrix-valued signal requires only a unitary transformation that
preserves its Lipschitz properties. Thus, using Lemma 10,

L =Y ,ep 10, A7) 3.

Now, consider that

100, A7) |22
< (1 A(HP) | VI50) [ (HP) HP 77 2
= (L+ K(H™)) | (H) H 722
= (L+ s(H) |(H"?) HP 7 oo

=17
BRs

where for the first inequality we applied to Eq. (58) the triangle
inequality and submultiplicative properties of operators norms,
on the first equality we used the fact that | V?|| = 1, and for
the last equality we used the fact that ||I,, ® Z|| = || Z|| for
any operator norm, m > 0, and operator Z. Finally, since

2 P2
LR = 2perLgp, )"

we can relax this Lipschitz constant for BRg by considering
this expression to hold as an equality. O
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